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Abstract
Local available quantum correlations (LAQC), as defined by Mundarain et al., are analyzed for two subsets of 2-qubit X
states. We start by studying X-states that are symmetric under the exchange of subsystems, that is, those with the same
non-null local Bloch vector. We also analyze the subset of states that are anti-symmetric under subsystem exchange, that is,
those that have non-null local Bloch vectors with an equal magnitude but opposite direction. We present various examples and
compare the obtained results to concurrence as an entanglement measure and with quantum discord. We have also included
markovian decoherence, with the analysis of amplitude damping decoherence for Werner states. As was previously observed
for depolarization and phase damping decoherence, LAQC did not exhibit sudden death behavior for Werner states under
amplitude damping decoherence.
I. INTRODUCTION
Quantum correlations and their quantification are
of central importance in Quantum Information Theory
(QIT). Entanglement [1] was seen as the main quantum
resource until the development of Quantum Discord [2, 3]
in 2001. Since then, the establishment of other quantum
correlations and their quantifiers [4] has become a very
active field of research, both within Information Theory
and for their use in Quantum Computation and other
applied specialties.
Local measurements are of the utmost importance to
properly define correlations, as these latter must quan-
tify the ability of a local observer to infer the results of
another one from his results. This was shown to be the




I(ρAB)− I[(ΠA ⊗ 12)ρAB ]
}
, (1)
which is based on comparing the quantum Mutual Infor-
mation, defined for the original state ρAB as
I(ρAB) ≡ S(ρA) + S(ρB)− S(ρAB) , (2)
where ρA and ρB are the reduced operators, i.e.
marginals, with a corresponding postmeasurement state
in the absence of readout, where the measurement is per-
formed locally on subsystem A. This latter state is re-














and all such 2-qubit states constitute a set, denoted by
Ωo. An analogous set, denoted by Ω
′
o, is readily defined
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I(ρAB)− I[(12 ⊗ΠB)ρAB ]
}
. (4)
Quantum correlations defined using the set Ωo (or Ω
′
o)
are called Discords and are in general not symmetric so
that DA(ρAB) 6= DB(ρAB).
Another set of quantum correlations and quantifiers
was developed by considering classical states, that is,
postmeasurement states in the absence of readout whose



















(A) ⊗ ρ(B) , (6)
also referred to as uncorrelated states. For these, the
coefficients pij in eq. (5) need to be factorizable, pij =
pipj . We denote the sets of classical and product 2-qubit
states as Ωc and Ωp, respectively.
Wu et al. considered general quantum correlations
defined in terms of local bipartite measurements in
[5] and, in a brief final appendix, outlined symmetric
quantum correlations in relation to mutual information.
Mundarain et al. in [6] developed the so-called Local
Available Quantum Correlations (LAQC) by focusing on
a slightly different version of those symmetric correla-
tions, defining them in terms of mutual information of
local bipartite measurements on the so-called complimen-
tary basis of a previously determined optimal computa-
tional basis.
This work is focused on determining the LAQC’s quan-
tifier for two particular sets of the so-called X states [7]
ρX =
 ρ11 0 0 ρ140 ρ22 ρ23 00 ρ32 ρ33 0

























This family of 2-qubit states has been studied extensively
[8] and are a widely used set of 2-qubit density matrices
in QIT. That is because any arbitrary 2-qubit state ρAB
can be mapped to such ρX , preserving its main charac-
teristics, e.g. quantum correlations [9, 10].
Experimentally, this type of 2-qubit states has been
achieved with cold trapped atoms and ions [11] and in
non-linear crystals [12]. Also, X states appear naturally
in spin chain systems when the reduced matrix of two
neighboring spins is studied [13, 14]and any pure 2-qubit
spin- 12 state evolves to an X state via decoherence due to
magnetic field fluctuations [8].
Concurrence is a bona fide entanglement measure in-
troduced by Wootters [15] as
C ≡ max{0, λ1 − λ2 − λ3 − λ4}, (8)
where {λi} are the decreasing ordered eigenvalues of R =√√
ρ ρ̃
√
ρ, with ρ̃ = (σy⊗σy)ρ∗(σy⊗σy), ρ∗ the complex
conjugate of ρ, and σy the corresponding Pauli matrix.
For X states, a direct calculation shows that Concurrence




max {0, C1, C2} (9)
where
C1 ≡ 2 (|ρ14| −
√
ρ22 ρ33) , C2 ≡ 2 (|ρ23| −
√
ρ11 ρ44) .
A closed analytical expression of the quantum discord
of X states has not been achieved yet. In 2010, Ali et al.
[16] claimed to have found such an expression, but several
counterexamples have been found since then that shows
that their formula is not correct [17–19]. For a subgroup
of this family of 2-qubit states, where ρ22 = ρ33, some
alternatives have been proposed [8]. In this article, we
use the results of Li et al. [20], which we briefly present
in an appendix.
We start by briefly reviewing the procedure for deter-
mining the quantifier of local available quantum correla-
tions [6]. Then, we proceed to study its calculation for
X states in two distinct subsets: when there is the sym-
metry under exchange of subsystems, that is when both
subsystems have the same non-null local Bloch vector,
and when the states are anti-symmetric under subsys-
tem exchange, that is when both subsystems have local
Bloch vectors with the same magnitude but opposite di-
rection. We analyze various examples and include the
amplitude damping decoherence of a Werner state [21].
II. LOCAL AVAILABLE QUANTUM CORRELA-
TIONS OF 2-QUBITS
In [6], the starting point for Mundarain et al. is that
a density operator ρ can always be written in terms of








Rjqip |B(i, j)〉〈B(p, q)|
(10)
where k, l,m, n ∈ {0, 1}, {|km〉} is the standard com-
putational basis, that is the basis of eigenvectors of
σz, which is local, and {|B(i, j)〉} is another local ba-
sis that is equivalent under local unitary transformations
to the former one. This equivalence can be stated as
|B(i, j)〉 = UA ⊗ UB |ij〉, with UA,UB ∈ U(2). Any
such basis can be used as the new computational one,
where we now have the basis of eigenvector of σû ≡ ~σ · û,
with ~σ the vector whose components are the Pauli matri-
ces and û ∈ E3 is a generic unitary vector. The choosing
of such û can depend on various conditions and/or re-
quirements of the system at hand.
For classical states, it is said that there exists a lo-
cal basis for which ρcAB (5) is diagonal. Therefore, one
can define Xρ ∈ Ωc as the classical state induced by a
measurement which minimizes
S(ρAB ||Xρ) = min
Ωc
S(ρAB ||χρ) , (11)





Rij |B(i, j)〉〈B(i, j)| ,
Rij = 〈B(i, j)|ρAB |B(i, j)〉 .
(12)





when χρ = Xρ. Such coefficients





will then serve as the new computational basis, in whose
terms local available quantum correlations are then de-
fined.
To determine the optimal basis, we start by defining
the most general orthonormal basis for each subsystem:











where n = 1 denotes subsystem A and n = 2, subsys-
tem B. The classical correlations quantifier defined in this








is the product state nearest to Xρ and this
relative entropy can be written as the Mutual Informa-
tion of state Xρ, as shown by Modi et al. [22]. Since the
2



















∣∣∣ρAB∣∣∣µ(1)i , µ(2)j 〉 are






∣∣∣ρA∣∣∣µ(1)i 〉, Pθ,φ(jB) = 〈µ(2)i ∣∣∣ρB∣∣∣µ(2)i 〉
the ones corresponding to its marginals ρA and ρB , the
required minimization of the relative entropy (11) yields
a minima for the classical correlations quantifier defined
in (14). It is straightforward to realize that this prob-





{∣∣∣µ(1)i , µ(2)j 〉} is the optimal computa-
tional basis.






has been determined, the state
ρAB is rewritten and the complementary basis defined

















In this generic basis, the corresponding probability dis-
tributions,





∣∣ρAB∣∣uAi , uBj 〉 , (17)
and the marginal probability distributions are deter-
mined. The maximization of I(Φ1,Φ2) (15) corresponds




III. LAQC OF X STATES
We start by using the Bloch representation of 2-qubit
states, also referred to as the Fano form or Fano-Bloch
representation [23], as it allows to directly describe the














where σn are the Pauli matrices, x3 = Tr[ρ(σ3 ⊗ 12)],
y3 = Tr[ρ(12 ⊗ σ3)] y Tn = Tr[ρ(σn ⊗ σn)].
An important set of (19) is comprised of those for
which their local Bloch vectors are of equal magnitude
(|x3| = |y3|). Among these, Bell Diagonal states [24] con-
stitute a special subset where |x3| = |y3| = 0 and their
LAQC were allready analyzed in [25]. For |x3| = |y3| 6= 0,
a further classification will prove useful: symmetric and
antisymmetric X states, where x3 = y3 and x3 = −y3,
respectively.
It is also worth noting that single parameter mixed
states between a Bell state {|ψ±〉 , |φ±〉} and an element
of the computational basis {|i, j〉} belong to this set of
X states. These can be thought of as analogous to what
Werner states [21] are to Bell Diagonal ones. That is, as
a one-parameter subset of the latter.
A. Symmetric X States
The set of symmetric X states ρXs is invariant under
subsystem exchange A ↔ B since their local Bloch pa-
rameters are equal, x3 = y3. Such states arise when
studying amplitude decoherence of Werner states. They
also turn out as the ground state within the approxima-
tion of nanoelectric LC -circuits as two coupled harmonic
oscillators presented in [26].
We start our analysis by determining the previously


























cos [φ1 + (−1)mφ2][T1 − (−1)mT2]
−1
4










cos [φ1 + (−1)mφ2][T1 − (−1)mT2]
−1
4
































Since symmetric X states are invariant under subsys-
tem exchange A↔ B, the angles θi and φi must respect
this symmetry in Rij (20). Therefore, only two angles are
sufficient to determine the optimal computational base.
By defining θ1 = θ2 = θ and φ1 = φ2 = φ as the respec-




















cos2 φT1 + sin
2 φT2
)
− cos2 θ T3
]










+ cos2 θ T3
]
The corresponding coefficients {RiA(θ, φ), RjB (θ, φ)}








(1− x3 cos θ) = R1B (θ).
(23)
The necessary minimization of the classical correla-
tions quantifier (14) leads to three main cases to be con-
sidered:
• θ = 0, φ ∈ [0, 2π]:




1 + T3 + 2x3
]
,

















































































From the previous expressions, it is direct to see that
φ is determined by the relation between T1 and T2, since
for θ = 0 any φ ∈ [0, 2π] complies with the minimization.
Lets define
α± ≡ T3 ± 2x3 and Tm ≡ min (|T1|, |T2|). (27)
Next, we rewrite (24), (25), and (26) so we can focus our
attention on θ:
• θ = 0:


















































The general expression for the quantifier of the classical














The minimization can be achieved either by analyzing
the coefficients Ri,j(θ, φ) or the above expression. As we
will see in our examples, graphical methods will be more
efficient for states with one or two independent parame-
ters since it will be straightforward to visualize the case
that minimizes (30).
After the θ and φ angles have been determined,
the state ρXs is rewritten in the optimal computa-
tional basis as to determine the probability distributions
P (θ,φ)(iA, jB ,Φ) (17) as well as the marginal distribu-
tions P
(θ,φ)
A (iA,Φ) and P
(θ,φ)
B (iB ,Φ). For each of the
above cases, the following results are obtained:
• θ = 0, φ = 0:




1 + T1 cos




=P (0,0)(1, 1,Φ) ,




1− T1 cos2 Φ− T2 sin2 Φ
)
,





















• θ = π2 , φ = 0:
P (
π




1 + T2 sin
2 Φ + T3 cos
2 Φ














2 ,0)(0, 1,Φ) ,
P (
π




1 + T2 sin
2 Φ + T3 cos
2 Φ












(1− x3 cos Φ),
P
(π2 ,0)





(1 + x3 cos Φ).
(34)











1 + T1 sin
2 Φ + T3 cos
2 Φ



























1 + T1 sin
2 Φ + T3 cos
2 Φ




























(1 + x3 cos Φ).
(36)
To determine the LAQC’s quantifier (18), the above
expressions need to be maximized for Φ ∈ [0, 2π]. We






• θ = 0, φ = 0: The angle Φ depends on the maxi-
mum between |T1| and |T2|. Therefore, analogous
to Tm, we define
TM ≡ max (|T1|, |T2|) (37)
and write the corresponding probability distribu-
tions:
P (0,0)(0, 0) =
1
4
(1 + TM ) = P
(0,0)(1, 1) ,
P (0,0)(1, 0) =
1
4
(1− TM ) = P (0,0)(0, 1) .
(38)








. With these results, from eqs. (15)












log2 (1− TM ) .
(39)
• θ = π2 , φ = 0: Recalling that we previously defined
α± ≡ T3 ± 2x3 (27), we have two distinct cases,








– For Φ = {0, 2π} we have that
P (
π
2 ,0)(0, 0) =
1
4
(1 + α−) ,
P (
π






2 ,0)(0, 1) ,
P (
π
2 ,0)(1, 1) =
1
4




















For Φ = π we obtain equivalent expressions,
with P (
π
2 ,0)(0, 0,Φ = π) = P (
π
2 ,0)(1, 1,Φ =
0), P (
π
2 ,0)(1, 1,Φ = π) = P (
π
2 ,0)(0, 0,Φ = 0),
P
(π2 ,0)
A (iA,Φ = 0) = P
(π2 ,0)
B (iB ,Φ = π), and
P
(π2 ,0)
B (iB ,Φ = 0) = P
(π2 ,0)
A (iA,Φ = π). With































– For Φ = π2 ,
3π
2 we have that
P (
π
2 ,0)(0, 0) =
1
4
(1 + T2) = P
(π2 ,0)(1, 1) ,
P (
π
2 ,0)(1, 0) =
1
4
(1− T2) = P (
π





















Therefore, we have that in this case the LAQC












log2 (1− T2) .
(45)
• θ = π2 , φ =
π
2 : As was the case for θ =
π
2 , φ = 0,








. For the first case, the same
expressions as before are obtained and therefore








, we obtain analogous expressions as
before but with T1 instead of T2, so that the LAQC












log2 (1− T1) .
(46)
1. Amplitude Damping Decoherence of Werner states





where z ∈ [0, 1] and |Ψ−〉 = 1√
2
(|01〉 − |10〉) is the singlet,
one of the four maximally entangled 2-qubit states known
as Bell states. In a previous work [25], we analyzed the
behaviour of LAQC for such states under Markovian de-
coherence, considering Depolarizing and Phase Damping
channels. Amplitude Damping decoherence was not in-
cluded due the resulting state no longer belonging to the
Bell Diagonal set, but rather to the symmetric X states.
Within the Kraus operators formalism [27], the effect
of the environment for a 2-qubit state is described via



















where the type of interaction for each subsystem may not
be the same or even the parameter describing a common
type of ineraction might be different. In our present anal-
ysis, we study an equal interaction parameter for both
subsystems.
Amplitude damping decoherence [28] describes the
process of energy dissipation into the environment, like
the T1 process in NMR, for example. The Kraus opera-




















where p can be thought of as the probability of loosing a
single quantum of energy, i.e. |1〉 → |0〉.
The state ρ
(AD)
w resulting from applying the above
Kraus operators via (48) is a symmetric X state and has
the following non-null Bloch parameters:
x3 = y3 = p , T1 = T2 = −(1− p)z ,
T3 = p
2 − (1− p)2z .
(50)

























(1− p)[(1− z)p+ z + 1]
× log2 [(1− z)p+ z + 1]
− (p+ 1) log2(1 + p)
(51)










[1− (1− p)z] log2 [1− (1− p)z].
(52)
In Figure 1 we present a graphical comparison of CwAD0
Figure 1. Graphical comparison of the classical correlation





(solid gray). From that figure we can
immediately conclude that the computational basis, that
is θ = 0 and φ = 0, is the optimal one and the classical
correlations quantifier is the one given in (51).
With the optimal computational basis defined, we can
now turn our attention to our previous results and di-
rectly use (39). Since T1 = T2 = TM = −(1 − p)z, we




























Figure 2. LAQC (above), QD (middle), and Concurrence
(below) for a Werner state under amplitude damping deco-
herence.
A simple calculation shows that the above expression is
only zero when p = 0∀ z and z = 0∀ p.
The Concurrence (9) for an X state with Bloch param-



















while its Quantum Discord is given by (A.17) using the
corresponding Bloch parameters (50).
In Figure 2 we present the graphical behaviour of
LAQC, QD, and concurrence. As expected, Werner
states exhibit the so called ‘Entanglement Sudden Death’
[29], while LAQC only vanishes asymptotically, as does
the QD. That was already observed for two other deco-
herent interactions (depolarization and phase damping)
in [25], therefore LAQC appears to be more robust as
a quantum resource than entanglement, at least for this
family of BD states. In Figure 3 we can observe the dif-
ference between QD and LAQC for this type of states.
That is, we show the surface









Figure 3. DIfference between QD and LAQC for a Werner
state under amplitude damping decoherence.
2. A single parameter symmetric X state
As previouslay stated, by using Bell states and vectors
of the computational basis, a single parameter X state
can be attained such that |x3| = |y3|. As an example of
such a symmetric X state we define the following density
operator:
ρs = F
∣∣Ψ−〉〈Ψ−∣∣+ (1− F ) |00〉〈00| , (56)
whose non-zero Bloch parameters are given by
x3 = y3 = 1− F , T1 = T2 = −F ,
T3 = 1− 2F .
(57)












(1− F )(1− cos θ)2
(58)








[1− (1− F ) cos θ].
(59)
The classical correlation function for θ = 0 is then
Cs0 = 2− F − F log2 (2− F )















(1− F ) log2(1− F )
+ (1 + F ) log2(1 + F )
] (61)
Figure 4. Graphical comparison of the classical correlation
function for θ = 0 (black) and for θ = π
2
(gray).
Although a direct analysis of the above functions leads
to conclude that the angles θ = 0 and φ = 0 are the ones
that minimize (30), we can verify this graphically (Figure
4). Since the computational basis is optimal, we proceed









(1 + F ) = P10(F ),
(62)
and P0 = P1 =
1
2 . With all these results we have that





















It is straightforward to verify that the Concurrence for
(56) is
Cs = F, (64)
while its Quantum Discord, computed using the results
presented in [20] and discussed in the appendix, is given
by (A.17) using the corresponding Bloch parameters (57).
In Figure 5 the abovementioned quantifiers are pre-
sented. As can be observed, L(ρs) < DA(ρs) < Cs for
F ∈ (0, 1) and are only equal at F = 0 and F = 1.
Figure 5. LAQC (continuous black line), QD (continuous gray
line), and Concurrence (dash-dot line) for state (56).
B. Anti-symmetric X States
We now focus on studying antisymmetric X states,
i.e. ρX whose local Bloch vectors have equal norm
but opposing direction. In the Fano-Bloch representa-
tion (19), for such states we have that x3 = −y3. The



























cos [φ1 + (−1)mφ2][T1 − (−1)mT2]
−1
4










cos [φ1 + (−1)mφ2][T1 − (−1)mT2]
−1
4















cos θ1 cos θ2 T3 .
where Λ is as defined in (21).
As with the symmetric case, a relation between the
angles θi and φi is expected. A direct calculation inter-
changing local angles θi and φi leads to
Rii(θ1, θ2, φ1, φ2) = Rii(θ2 + π, θ1 + π, φ1, φ2),
Rij(θ1, θ2, φ1, φ2) = Rij(θ2, θ1, φ1, φ2), i 6= j.
(66)
Therefore, as was done for the symmetric case, we can
define θ and φ as the respective common local angles and





1 + sin2 θ
(
cos2 φT1 + sin
2 φT2
)
























− cos2 θ T3
]
.
The corresponding coefficients {RiA(θ, φ), RjB (θ, φ)} for








(1− x3 cos θ) = R0B (θ).
(68)
The necessary minimization to determine the optimal
computational base leads again to three main cases to be
considered:
• θ = 0, φ ∈ [0, 2π]:











1− T3 + 2x3
]
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We use α± and Tm (27) to rewrite the previous expres-
sions and center our attention on θ:
• θ = 0:


















































The general expression for the quantifier of the classical














which is completely analogous to (30). The minimiza-
tion of the above expression can again be done either by
directly minimizing it for θ and φ or by comparing the
coefficients Ri,j(θ, φ).
After the angles θ and φ have been determined, the
state ρXas is rewritten in the optimal computational ba-
sis as was done previously for the symmetric case and the
probability distributions P (θ,φ)(iA, jB ,Φ) (17) as well as
the marginal distributions P
(θ,φ)
A (iA,Φ) and P
(θ,φ)
B (iB ,Φ)
are determined. Since the maximization procedure for
these probability distributions is analogous to the one
performed for the symmetric case, with some of the re-
sults even being the same, we present the corresponding
analysis in a more succint manner. For each pair (θ, φ)
defining the optimal computational basis, the following
results are obtained:
• θ = 0, φ = 0:




1 + T1 cos




=P (0,0)(1, 1,Φ) ,




1− T1 cos2 Φ− T2 sin2 Φ
)
,




















These are exactly the same expressions that we ob-
tained for the symmetric case in (31) and (32).
9
Thus, they will lead to same expression for the
LAQC quantifier. Using TM (37), we again have












log2 (1− TM ) .
(77)
• θ = π2 , φ = 0:
P (
π




1 + T2 sin






2 ,0)(1, 1,Φ) ,
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π




1− T2 sin2 Φ− T3 cos2 Φ









1− T2 sin2 Φ− T3 cos2 Φ












(1− x3 cos Φ),
P
(π2 ,0)





(1 + x3 cos Φ).
(79)
As with the symmetric case, we have two distinct







. For Φ =
{0, 2π} we have that
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π
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For Φ = π we obtain equivalent expressions with
an analogue change in ordering as in the symmetric































For Φ = π2 ,
3π
2 , we obtain the same results as for the
symmetric case and the LAQC quantifier is there-












log2 (1− T2) .
(83)
• θ = π2 , φ =
π
2 : In this case we obtain analogous
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1− T1 sin2 Φ− T3 cos2 Φ









1− T1 sin2 Φ− T3 cos2 Φ




























(1 + x3 cos Φ).
(85)
As before, we have two distinct cases with Φ =







. For the first case, the
same expressions as before are obtained and there-








, we obtain analogous expressions












log2 (1− T1) .
(86)
1. A single parameter antisymmetric X state
In [30], Verstraete et al. introduced a single parameter
mixed 2-qubit state, defined as:
ρv = F
∣∣Φ+〉〈Φ+∣∣+ (1− F ) |01〉〈01| (87)
where |Φ+〉 = 1√
2
(|00〉+ |11〉). It is straightforward to
verify that this state is an anti-symmetric X state, with
Bloch parameters
x3 = −y3 = 1− F , T1 = −T2 = F ,
T3 = 2F − 1 ,
(88)
10
and all others equal to zero. The Rij(θ, φ) coefficients





1 + F cos(2φ) sin2 θ







1− F cos(2φ) sin2 θ







1− F cos(2φ) sin2 θ












[1− (1− F ) cos θ] = R0B (θ).
(90)
The classical correlation function for θ = 0 is given by
Cv0 = 2− F − F log2 (2− F )
















(1− F ) log2(1− F )
+ (1 + F ) log2(1 + F )
] (92)
These are the same functions (60) and (61) that we
obtained for state (56). As before, the computational
basis is the optimal one and this leads to equivalent ex-
pressions for the probability distributions (75) and the








[1 + F cos(2Φ)] = P10(F ),
(93)
and P0 = P1 =
1
2 . These distributions are maximized for
























which is the same expression found for the symmetric
case (63).
The Concurrence for state (87) is again given by (64)
and the QD is the same as in the one-parameter symmet-
ric X state presented in (56). Therefore, the correspond-
ing graph is the same as the one in Figure 5.
IV. CONCLUSIONS
We have studied the local available quantum correla-
tions (LAQC) [6] for 2-qubit X states that have a lo-
cal Bloch vector with equal magnitude. Such states can
be regarded as symmetric and antisymmetric X states
wether their local Bloch vector is parallel or anti-parallel,
respectively. We determined all possible expressions for
the classical correlations and LAQC quantifiers in terms
of the Bloch parameters of the state. As examples of in-
teresting symmetric states we have analyzed the (marko-
vian) amplitude damping decoherence of Werner states
and found that LAQC do not suffer sudden death un-
der this quantum channel. Also, examples of one pa-
rameter X states were studied, both symmetric and anti-
symmetric. For such states, there are less LAQC than
enganglement (as measured via concurrence) as well as
quantum discord. The robustness of this quantum corre-
lation under markovian decoherence is to be determined.
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Appendix: Quantum Discord of 2-qubit Symmetric
and Antisymmetric X states
In [20], Li et al. presented an analytic expression for
the quantum discord of X states with parallel local Bloch


























I[(ΠA ⊗ 12)ρAB ]. (A.2)
Lets start by defining monotonically decreasing func-
tion f for x ∈ [0, 1]:






so that the von Neumann entropy of the reduced matrices









= 1 + f(y3). (A.4)




























= 2 + f(x3) + f(y3) +
4∑
i=1

































(1− x3 ± y3 ∓ T3),
(A.9)
and













= 2 + 2f(x3) +
4∑
i=1










1 + T3 ±
√



















[1 + T3 ± (T1 − T2)],
(A.13)












































As for the examples presented in this paper, it is
straightforward to verify that for all three cases (50),
(56), and (87),
min {S1, S2, S3} = S2 = S3, (A.16)
so that











where the Bloch parameters were given in (50), (57), and
(88), respectively.
[1] R. Horodecki, P. Horodecki, M. Horodecki, and
K. Horodecki. Quantum entanglement. Rev. Mod. Phys.,
81:865–942, 6 2009. arXiv:quant-ph/0702225.
[2] H. Ollivier and W.H. Zurek. Quantum discord: A mea-
sure of the quantumness of correlations. Phys. Rev. Lett.,
88:017901–017904, 12 2001. arXiv:quant-ph/0105072.
[3] L. Henderson and V. Vedral. Classical, quantum and to-
tal correlations. J. Phys. A, 34(35):6899–6905, aug 2001.
arXiv:quant-ph/0105028.
[4] K. Modi, A. Brodutch, H. Cable, T. Paterek, and V. Ve-
dral. The classical-quantum boundary for correlations:
Discord and related measures. Rev. Mod. Phys., 84:1655–
1707, Nov 2012. arXiv:1112.6238.
[5] S. Wu, Z. Ma, Z. Chen, and S. Xia. Reveal quantum
correlation in complementary bases. Sci. Rep., 4:4036–
4041, 2 2015. arXiv:1301.6838.
[6] D.F. Mundarain and M.L.L. de Guevara. Local available
quantum correlations. Quantum Inf Process, 14:4493–
4510, 10 2015.
[7] T. Yu and J. H. Eberly. Evolution from entanglement to
decoherence of bipartite mixed “x” states. Quantum Info.
Comput., 7(5):459–468, 2007. arXiv:quant-ph/0503089.
[8] N. Quesada, A. Al-Qasimi, and D.F.V. James. Quan-
tum properties and dynamics of x states. J Mod Opt,
59(15):1322–1329, 2012. arXiv:1207.3689.
[9] P. E. M. F. Mendonça, M. A. Marchiolli, and D. Galetti.
Entanglement universality of two-qubit x-states. Ann.
Phys., 351:79–103, 2014. arXiv:1407.3021.
[10] S.R. Hedemann. X states of the same spectrum and en-
tanglement as all two-qubit states. Quantum Inf Process,
17(11):293, 2018. arXiv:1802.03038.
[11] C. Monroe, D. M. Meekhof, B. E. King, W. M. Itano,
and D. J. Wineland. Demonstration of a fundamental
quantum logic gate. Phys. Rev. Lett., 75:4714–4717, 12
1995.
[12] P. G. Kwiat, K. Mattle, Y. Weinfurter, A. Zeilinger, A. V.
Sergienko, and Y. Shih. New high-intensity source of
polarization-entangled photon pairs. Phys. Rev. Lett.,
75:4337–4341, 12 1995.
[13] T. Werlang, C. Trippe, G.A.P. Ribeiro, and G. Rigolin.
12
Quantum correlations in spin chains at finite tempera-
tures and quantum phase transitions. Phys. Rev. Lett.,
105:095702–095705, 2010. arXiv:1006.3332.
[14] J. S. Pratt. Universality in the entanglement structure of
ferromagnets. Phys. Rev. Lett., 93:237205–237208, Dec
2004. arXiv:quant-ph/0411125.
[15] W.K. Wootters. Entanglement of formation of an arbi-
trary state of two qubits. Phys. Rev. Lett., 80:2245–2248,
3 1998. arXiv:quantph/9709029.
[16] M. Ali, A. R. P. Rau, and G. Alber. Quantum discord for
two-qubit x states. Phys. Rev. A, 81:042105, Apr 2010.
[17] Q. Chen, C. Zhang, S. Yu, X. X. Yi, and C. H. Oh.
Quantum discord of two-qubit x states. Phys. Rev. A,
84:042313, Oct 2011.
[18] X.-M. Lu, J. Ma, Z. Xi, and X. Wang. Optimal measure-
ments to access classical correlations of two-qubit states.
Phys. Rev. A, 83:012327, Jan 2011.
[19] Y. Huang. Quantum discord for two-qubit x states: An-
alytical formula with very small worst-case error. Phys.
Rev. A, 88:014302, Jul 2013.
[20] B. Li, Z.-X. Wang, and S.-M. Fei. Quantum discord and
geometry for a class of two-qubit states. Phys. Rev. A,
83:022321, Feb 2011.
[21] R.F. Werner. Quantum states with einstein-podolsky-
rosen correlations admitting a hidden-variable model.
Phys. Rev. A, 40:4277–4281, Oct 1989.
[22] K. Modi, T. Paterek, W. Son, V. Vedral, and
M. Williamson. Unified view of quantum and classi-
cal correlations. Phys. Rev. Lett., 104:080501, Feb 2010.
arXiv:0911.5417.
[23] U. Fano. Pairs of two-level systems. Rev. Mod. Phys.,
55:855–874, Oct 1983.
[24] R. Horodecki and M. Horodecki. Information-theoretic
aspects of inseparability of mixed states. Phys. Rev. A,
54:1838–1843, Sep 1996.
[25] H.L. Albrecht Q., M.I. Caicedo S., and D.F. Mundarain.
Local available quantum correlations for bell diagonal
states and markovian decoherence. Rev. Mex. F́ıs.,
64:662—-670, Nov-Dec 2018. arXiv:1803.02426.
[26] A.K. Fedorov, E.O. Kiktenko, O.V. Man’ko, and V.I.
Man’ko. Tomographic discord for a system of two cou-
pled nanoelectric circuits. Phys. Scr., 90(5):055101, 4
2015. arXiv:1409.5265.
[27] K. Kraus. General state changes in quantum theory. Ann.
Phys., 64(2):311–335, 6 1971.
[28] M.A. Nielsen and I.L. Chuang. Quantum Computation
and Quantum Information: 10th Anniversary Edition.
Cambridge University Press, 2010.
[29] T. Yu and J. H. Eberly. Sudden death of entanglement.
Science, 323(5914):598–601, 2009. arXiv:0910.1396.
[30] F. Verstraete and H. Verschelde. Optimal teleportation
with a mixed state of two qubits. Phys. Rev. Lett.,
90:097901, Mar 2003. arXiv:quant-ph/0303007.
13
